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ABSTRACT: Appropriate coloring to the vertices of a given graph 𝐺 is to 

give color to each vertex so that two vertices connected by an edge will not 

have the same color. The smallest number of appropriate coloring called the 

chromatic number, and is often denoted by χ (𝐺). 

The number of ways to color the vertices of a given graph 𝐺 in 𝜆 colors, given 

by placing 𝜆 in 𝜒(𝐺, 𝜆), which is called the color polynomial of the graph 𝐺 

and which maintains: 

𝜒(𝐺, 𝜆) = 𝜒(𝐺 − 𝑒, 𝜆) − 𝜒(𝐺/𝑒, 𝜆) , Where 𝐺 − 𝑒 is the graph without the 

edge 𝑒, and 𝐺/𝑒 is the graph obtained from the omitting of the edge 𝑒 and 

shrinking the two vertices that apply to it into one vertex. (due [10]). 

In this paper, we will expand on the relationship between the color polynomial 

and the order of the graph, while giving explicit formulas to the color 

polynomial. 

 

 
1. INTRODUCTION 

Definition 1: A graph 𝐺: (𝑉, 𝐸) is called 𝑘 - coloring if we can color all his vertices with 𝑘 colors so  that 
no two vertices share the same edge. (For any coloring option, it is called proper coloring). 
 
The smallest number of colors 𝑘 , we call it the chromatic number, and often denoted by χ (𝐺). 
 
The number of ways to color the vertices of a given graph 𝐺 in 𝜆 colors, denote 𝜒(𝐺, 𝜆), and it is called 

the color polynomial of 𝐺. 
 
George Birkhoff  formula :( due [2]). 
 
The color polynomial of the graph 𝐺 given by placing 𝜆 the number of ways to color the vertices 

of 𝐺,𝜒(𝐺, 𝜆) = 𝜒(𝐺 − 𝑒, 𝜆) − 𝜒(𝐺/𝑒, 𝜆) where 𝐺 − 𝑒 is the graph without the edge 𝑒, and 𝐺/𝑒 is the 

graph obtained from the omitting of the edge 𝑒 and shrinking the two vertices that apply to it  into one 
vertex. 
 
Definition 2: The order of a graph is the number of vertices in the graph. 
 
Definition 3: Monic polynomial is a polynomial whose leading coefficient is one. That is, it is of the 
form 𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎1𝑥 + 𝑎0 . 
 
Remark 1 :( due [9]): 
In this remark, we will mention some color polynomials graph families : 
𝑁𝑛 , The blank graph, (A graph with 𝑛 vertices without any edges). 𝜆𝑛 

𝑇𝑛, (A graph with 𝑛 vertices, which is connected, and without circles). 𝜆(𝜆 − 1)𝑛−1. 

𝐶𝑛, , (A graph with 𝑛 vertices terms on a simple circle). (𝜆 − 1)𝑛 + (−1)𝑛(𝜆 − 1). 
𝐾𝑛   , the complete graph (the graph with 𝑛 vertices where each vertex is connected to all the other 

vertexes).𝜆(𝜆 − 1)(𝜆 − 2) … (𝜆 − (𝑛 − 1)). 

𝑃𝑛, The path graph (a graph with 𝑛 vertices without any two successive vertices are connected by an 

edge), 𝜆(𝜆 − 1)𝑛−1. 
 
 
 

http://ytgcxb.periodicales.com/index.php/CJGE/article/view/58
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Example 1: 
In this example, we will find the color polynomial for: 
 
(a) The tree graph. 
If we choose a vertex 𝜗 in the tree, we can color it in any color that we have, from here we can do this 

in 𝜆 options, we will continue to color the neighboring vertices of 𝜗 we can do this in 
 𝜆 − 1 options, and so we will continue until all the vertices of the tree are colored, hence the coloring 

polynomial will be 𝜆(𝜆 − 1)𝑛−1.  
 
(b) The circle graph. 
Based on  George Birkhoff  formula  the color polynomial of graph 𝐺 given by placing 𝜆 the number of 
ways to color the vertices of 𝐺  on of 𝜒(𝐺, 𝜆) = 𝜒(𝐺 − 𝑒, 𝜆) − 𝜒(𝐺/𝑒, 𝜆), so in the circle graph we 

have 𝜒(𝐶𝑛, 𝜆) = 𝜒(𝐶𝑛 − 𝑒, 𝜆) − 𝜒(𝐶𝑛/𝑒, 𝜆). 
 
It is clear that if we subtract from the graph of the circle 𝐶𝑛 (a simple circle with 𝑛 vertices and 𝑛 
edges) some edge we will get 𝐶𝑛 − 𝑒 a tree 𝑇𝑛 (a simple path with 𝑛 vertices and 𝑛 − 1 edges). 

It is clear so that 𝐶𝑛/𝑒  an (𝑛 − 1) order circle. 
 
Now we consider 𝜒(𝐶𝑛 , 𝜆) recursively 

𝜒(𝐶𝑛, 𝜆) = 𝜒(𝐶𝑛 − 𝑒, 𝜆) − 𝜒(𝐶𝑛/𝑒, 𝜆) 

= 𝜒(𝑇𝑛 , 𝜆) − 𝜒(𝐶𝑛−1/𝑒, 𝜆) 

= 𝜒(𝑇𝑛 , 𝜆) − 𝜒(𝑇𝑛−1, 𝜆) − 𝜒(𝐶𝑛−2/𝑒, 𝜆) 
=𝜒(𝑇𝑛 , 𝜆) − 𝜒(𝑇𝑛−1, 𝜆) − 𝜒(𝑇𝑛−2, 𝜆)𝜒 − (𝐶𝑛−3/𝑒, 𝜆) 

= 𝜒(𝑇𝑛 , 𝜆) − 𝜒(𝑇𝑛−1, 𝜆) − 𝜒(𝑇𝑛−2, 𝜆) − 𝜒(𝐶𝑛−3/𝑒, 𝜆) 

= 𝜒(𝑇𝑛 , 𝜆) − 𝜒(𝑇𝑛−1, 𝜆) − 𝜒(𝑇𝑛−2, 𝜆) − ⋯ − 𝜒(𝑇𝑛−𝑖 , 𝜆) − ⋯ − 𝜒(𝑇4, 𝜆) − 𝜒(𝐶3, 𝜆) 

= ∑ (−1)𝑛−𝑖𝑛
𝑖=4 ∙  𝜒(𝑇𝑖 , 𝜆) + (−1)𝑛−1 ∙  𝜒(𝐶3, 𝜆)  

 

Now Considering ∑ (−1)𝑛−𝑖𝑛
𝑖=4 ∙  𝜒(𝑇𝑖 , 𝜆) :  

Relying on (a) we get: 

∑(−1)𝑛−𝑖

𝑛

𝑖=4

∙  𝜒(𝑇𝑛 , 𝜆) 

= ∑ (−1)𝑛−𝑖𝑛
𝑖=4 ∙  𝜆 ∙ (𝜆 − 1)𝑖−1 

= 
𝜆

𝜆−1
∙ (−1)𝑛 ∑ (−1)−𝑖𝑛

𝑖=4 ∙ (𝜆 − 1)𝑖 

=
𝜆

𝜆 − 1
∙ (−1)𝑛 ∑(1 − 𝜆)𝑖

𝑛

𝑖=4

 

=
𝜆

𝜆 − 1
∙ (−1)𝑛 ∑(1 − 𝜆)𝑖+4

𝑛−4

𝑖=0

 

=
𝜆(1 − 𝜆)4

𝜆 − 1
∙ (−1)𝑛 ∑(1 − 𝜆)𝑖

𝑛−4

𝑖=0

 

= (−1)𝑛−1 ∙ 𝜆 ∙ (1 − 𝜆)3 ∙ 𝜆
1 − (1 − 𝜆)𝑛−3

𝜆
 

= (−1)𝑛−1 ∙ (1 − 𝜆)3 + (−1)𝑛 ∙ (1 − 𝜆)𝑛 
 
Now Considering (−1)𝑛−1 ∙  𝜒(𝐶3, 𝜆):  

The Color Polynomial for 𝜒(𝐶3, 𝜆) it is 𝜆(𝜆 − 1)(𝜆 − 2), (𝜆 colors to the first, 𝜆 − 1 colors to the second 

and 𝜆 − 3 colors to the third), so (−1)𝑛−1 ∙  𝜒(𝐶3, 𝜆) =  (−1)𝑛−1 ∙ 𝜆(𝜆 − 1)(𝜆 − 2). 
In summary, we will receive: 

𝜒(𝐶𝑛, 𝜆) = ∑ (−1)𝑛−𝑖𝑛
𝑖=4 ∙  𝜒(𝑇𝑖 , 𝜆) + (−1)𝑛−1 ∙  𝜒(𝐶3, 𝜆) 

=(−1)𝑛−1 ∙ (1 − 𝜆)3 + (−1)𝑛 ∙ (1 − 𝜆)𝑛 +  (−1)𝑛−1 ∙ 𝜆(𝜆 − 1)(𝜆 − 2). 
 
New result: 
As an extension, we will prove the following two lemmas: 
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Lemma 1: 
The degree of the color polynomial in each graph equal to the order of the graph. 
 
Lemma 2: 
The color polynomial in each graph it is a Monic polynomial. 
 
Proof of Lemma 1: 
Let 𝐺 = (𝑉, 𝐸) be a graph, denote that |𝐸| = 𝑚  and |𝑉| = 𝑛, the order of the graph. 
We will prove that the degree of the color polynomial in each graph equal to the order of the graph, in 
induction on 𝑚 the number of edges of the graph. 

For 𝑚 = 0, which means that the graph is empty without edges, and for each 𝜆  number of color, the 
color polynomial will be 𝜆𝑛  because each vertex can be colored in any of the colors. 

Suppose the correctness of the lemma for any graph with a number of edges less than 𝑚  , we will 

prove the correctness for a graph that has 𝑚 edges. 
From  George Birkhoff  formula  the color polynomial of graph 𝐺 given by placing 𝜆 the number of ways 

to color the vertices of 𝐺 on 𝜒(𝐺, 𝜆) = 𝜒(𝐺 − 𝑒, 𝜆) − 𝜒(𝐺/𝑒, 𝜆): 

The Graph 𝐺 − 𝑒 contains 𝑚 − 1  edges and 𝑛 vertex, Therefore from the induction assumption the 

degree of color polynomial for its order is 𝑛, we will mark this polynomial 
𝜒(𝐺 − 𝑒, 𝜆) = 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎1𝑥 + 𝑎0 , 𝑎𝑖 ∈ 𝑅, 0 ≤  𝑖 ≤ 𝑛 . 

The Graph 𝐺/𝑒 contains 𝑚 − 1  edges and 𝑛 − 1 vertex, Therefore from the induction assumption the 

degree of color polynomial for its order is 𝑛 − 1, we will mark this polynomial 

𝜒(𝐺/𝑒, 𝜆) = 𝑏𝑛−1𝑥𝑛−1 + ⋯ + 𝑏1𝑥 + 𝑏0 , 𝑏𝑖 ∈ 𝑅, 0 ≤  𝑖 ≤ 𝑛 . 
So,  
𝜒(𝐺, 𝜆) = 𝑎𝑛𝑥𝑛 + (𝑎𝑛−1 − 𝑏𝑛−1)𝑥𝑛−1 + ⋯ + (𝑎1 − 𝑏1)𝑥 + (𝑎0 − 𝑏0). 
Then the degree of the color polynomial equal to the order of the graph. 
This complete the proof of lemma 1 
 
Proof of Lemma 2: 
Let 𝐺 = (𝑉, 𝐸) be a graph, denote that |𝐸| = 𝑚  and|𝑉| = 𝑛, the order of the graph. 
Also here we will prove in induction on 𝑚 the number of edges of the graph that the color polynomial 
in each graph it is a monic polynomial. 
For 𝑚 = 0, which means that the graph is empty without edges, and for each 𝜆  number of color the 
color polynomial will be 𝜆𝑛 (because each vertex can be color in any of the colors), then the color 
polynomial a monic. 
Suppose the correctness of the lemma for any graph with a number of edges less than 𝑚  , we will 

prove the correctness for a graph that has 𝑚 edges. 
From  George Birkhoff  formula  the color polynomial of graph 𝐺 given by placing 𝜆 the number of ways 

to color the vertices of 𝐺 on 𝜒(𝐺, 𝜆) = 𝜒(𝐺 − 𝑒, 𝜆) − 𝜒(𝐺/𝑒, 𝜆): 

The Graph 𝐺 − 𝑒 contains 𝑚 − 1  edges and 𝑛 vertex, Therefore from the induction assumption the 
degree of color polynomial for its order is 𝑛, we will mark this polynomial 

𝜒(𝐺 − 𝑒, 𝜆) = 𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎1𝑥 + 𝑎0 , 𝑎𝑖 ∈ 𝑅, 0 ≤  𝑖 ≤ 𝑛 . 

The Graph 𝐺/𝑒 contains 𝑚 − 1  edges and 𝑛 − 1 vertex, Therefore from the induction assumption the 

degree of color polynomial for its order is 𝑛 − 1, we will mark this polynomial 

𝜒(𝐺/𝑒, 𝜆) = 𝑥𝑛−1 + ⋯ + 𝑏1𝑥 + 𝑏0 , 𝑏𝑖 ∈ 𝑅, 0 ≤  𝑖 ≤ 𝑛 . 
So,  
𝜒(𝐺, 𝜆) = 𝑥𝑛 + (𝑎𝑛−1 − 1)𝑥𝑛−1 + ⋯ + (𝑎1 − 𝑏1)𝑥 + (𝑎0 − 𝑏0). 
The color polynomial in each graph it is a Monic polynomial. 
This complete the proof of lemma 2 
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